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Abstract
It is known that if a circulant Hadamard matrix of order n exists
then n must be of the form n = 4m2 for some odd integer m. In this
paper we use the structure constant of Schur ring of Z4m
2
2 to prove
that there is no circulant Hadamard matrix in Z4m
2
2 except possibly
for sequences with Hamming weight a + b, with m
2−m
2 ≤ a ≤
3m2−m
2
and b = 2m2 − m − a and with m
2+m
2 ≤ 2m
2 − a ≤ 3m
2+m
2 and
b = m+ a.
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1 Introduction
An Hadamard matrix H is an n by n matrix all of whose entries are +1
or −1 which satisfies HH t = nIn, where H
t is the transpose of H and
In is the unit matrix of order n. It is also known that, if an Hadamard
matrix of order n > 1 exists, n must have the value 2 or be divisible by
4. There are several conjectures associated with Hadamard matrices. The
main conjecture concerns its existence. This states that an Hadamard matrix
exists for all multiple order of 4. Another very important conjecture states
that no circulant Hadamard matrix exists if the order is different from 4
[3],[4],[5],[6],[7],[8].
On the circulant Hadamard conjecture the first significant result was
made by R.J. Turyn [3] using arguments from algebraic number theory. He
prove that if a circulant Hadamard matrix of order n exists then n must be of
the form n = 4m2 for some odd integer m which is not a prime-power. Many
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important results about this conjecture can be found in [4],[5],[6],[7],[8]. In
this paper we use the structure constant of Schur ring of Z4m
2
2 to prove that
there is no circulant Hadamard matrix in Z4m
2
2 except for sequences with
Hamming weight a + b, with m
2−m
2
≤ a ≤ 3m
2−m
2
and b = 2m2 −m− a and
with m
2+m
2
≤ 2m2 − a ≤ 3m
2+m
2
and b = m+ a.
2 Schur Ring over Zn2
Let G be a finite group with identity element e and C[G] the group algebra
of all formal sums
∑
g∈G agg, ag ∈ C, g ∈ G. For T ⊂ G, the element
∑
g∈T g
will be denoted by T . Such an element is also called a simple quantity.
The transpose of α =
∑
g∈G agg is defined as α
⊤ =
∑
g∈G ag(g
−1). Let
{T0, T1, ..., Tr} be a partition of G and let S be the subspace of C[G] spanned
by T1, T2, ..., Tr. We say that S is a Schur ring (S-ring, for short) over G if:
1. T0 = {e},
2. for each i, there is a j such that T⊤i = Tj ,
3. for each i and j, we have TiTj =
∑r
k=1 λi,j,kTk, for constants λi,j,k ∈ C.
The numbers λi,j,k are the structure constants of S with respect to the
linear base {T0, T1, ..., Tr}. The sets Ti are called the basic sets of the S-ring
S. Any union of them is called an S-set. Thus, X ⊆ G is an S-set if and
only if X ∈ S. The set of all S-set is closed with respect to taking inverse
and product. Any subgroup of G that is an S-set, is called an S-subgroup of
G or S-group. (For details, see [1],[2])
In this paper denote by Z2 the cyclic group of order 2 with elements +
and −(where + and − mean 1 and −1 respectively). Let Zn2 =
n︷ ︸︸ ︷
Z2 × · · · × Z2.
Then all X ∈ Zn2 are sequences of + and − and will be called Z2−sequences.
Let ω(X) denote the Hamming weight of X ∈ Zn2 . Thus, ω(X) is the
number of + in any Z2−sequences X of Zn2 . Now let Gn(k) be the subset of
Zn2 such that ω(X) = k for all X ∈ Gn(k), where 0 ≤ k ≤ n.
We let Ti = Gn(n − i). It is straightforward to prove that the partition
S = {Gn(0), ...,Gn(n)} is a partition of Zn2 . And also S is an S−ring over Z
n
2 .
From [2] it is know that the constant structure λi,j,k is equal to
λi,j,k =
{
0 if i+ j − kis an odd number(
k
(j−i+k)/2
)(
n−k
(j+i−k)/2
)
if i+ j − kis an even number
(2.1)
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From (2.1) is follows that
Gn(a)Gn(b) =


a⋃
i=0
Gn(n− a− b+ 2i), 0 ≤ a ≤
[n
2
]
, a ≤ b ≤ n− a,
n−a⋃
i=0
Gn(a+ b− n+ 2i),
[n
2
]
+ 1 ≤ a ≤ n, n− a ≤ b ≤ a.
(2.2)
It follows directly from (2.1) that λi,j,2k+1 = 0 if i+j is even and λi,j,2k = 0
if i + j is odd. The union of all sets Gn(2a) in S will be called the even
partition of S, and will be designated by En. The odd partition On is
defined analogously. The sets E2n and O2n+1 are groups of order 2
2n−1 and
22n, respectively.
The following result is taken from [9]. Let S = {Gn(0), ...,Gn(n)} be an
S-set of Zn2 . A S-set M of S will be call complete maximal S-set if holds
1. Gn(a)Gn(b) ⊃ maxS for all Gn(a),Gn(b) in S,
2. There is no Gn(c) in S such that Gn(c)Gn(a) ⊃ Gn(b) and G
2
n(c) ⊃ Gn(a)
for some Gn(a),Gn(b) in M ,
where maxS is the largest basic set of S.
The complete maximal S−sets even or odd will be designated by [En] and
[On], respectively.
The following theorem tell us how many complete maximal S−sets exist
in Z4n2 .
Theorem 1. There exist exactly two complete even maximal S−sets, of order
n and order n + 1, in Z4n2 .
From the proof of this theorem it follows that if G4n(a) is in [E4n] or in
[O4n], then n ≤ a ≤ 3n.
3 The Approximation
A circulant Hadamard matrix of order n is a square matrix of the form
H =


a1 a2 · · · an
an a1 · · · an−1
· · · · · · · · · · · ·
a2 a3 · · · a1

 (3.1)
No circulant Hadamard matrix of order larger than 4 has ever been found.
This let the following
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Conjecture 1. No circulant Hadamard matrix of order larger than 4 exists.
Let C denote the cyclic permutation on the components + and − of X
in Zn2 such that
C(X) = C (x0, x1, ..., xn−2, xn−1) = (x1, x2, x3, ..., , xx0) , (3.2)
that is, C(xi) = x(i+1)modn. The permutation C is a generator of cyclic
group 〈C〉 of order n. Let XC = Orb〈C〉X = {C
i(X) : C i ∈ 〈C〉}. Therefore,
〈C〉 defines a partition in equivalent class on Zn2 and this we shall denote by
Zn2C . From here it follows that all circulant Hadamard matrix H is a equiv-
alence class by 〈C〉.
Following Turyn and from theorem 1, if there is such H , then H ∈ [E4m2 ]
or H ∈ [O4m2 ]. Next we will show that H is never contained in [E4m2 ]. First
we tried the following lemma
Lemma 1. For all n ∈ N and for 0 ≤ a ≤ 2n it hold that
1. G2n(a) =
⋃a
i=0 Gn(i)× Gn(a− i) if 0 ≤ a ≤ n.
2. G2n(2n− a) =
⋃a
i=0 Gn(n− i)× Gn(n− a+ i) if n + 1 ≤ a ≤ 2n.
Proof. We try 1. It is clear that Gn(i)× Gn(a− i) ⊂ G2n(a), so
⋃a
i=0 Gn(i)×
Gn(a− i) ⊆ G2n(a). Now pick X in G2n(a) and put X = (B,C) with B,C ∈
Zn2 . Then ω(X) = ω(B)+ω(C) = a and B ∈ Gn(b), C ∈ Gn(c) with b+c = a.
Then G2n(a) ⊆
⋃a
i=0 Gn(i) × Gn(a − i). The item 2 results from multiplying
G2n(a) by −1.
Theorem 2. No circulant Hadamard matrix XC exists in [E4m2 ].
Proof. Pick X in G4m2(2a) ∈ [E4m2 ]. From the lemma above there are B,C
such that B ∈ G2m2(b), C ∈ G2m2(c) with b+ c = 2a and X = (B,C). From
(2.2) we have
G2m2(b)G2m2 (c) =


b⋃
i=0
G2m2(2m
2 − 2a+ 2i), 0 ≤ b ≤ m2, b ≤ c ≤ 2m2 − b,
2m
2
−b⋃
i=0
G2m2(2a− 2m
2 + 2i), m2 + 1 ≤ b ≤ 2m2, 2m2 − b ≤ c ≤ b.
then G2m2(b)G2m2(c) + G2m2(m2). Hence ω(XC2m
2
X) = ω(BC,BC) =
2ω(BC) 6= 2m2 so no Hadamard matrix XC exists in [E4m2 ].
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On the other hand, let X = {xi} and Y = {yi} be two complex-valued
sequences of period n. The periodic correlation of X and Y at shift k is the
product defined by:
PX,Y (k) =
n−1∑
i=0
xiyi+k, k = 0, 1, ..., n− 1, (3.3)
where a denotes the complex conjugation of a and i + k is calculated
modulo n. If Y = X , the correlation PX,Y (k) is denoted by PX(k) and is the
autocorrelation of X .
If X is a Z2-sequence of length n, PX(k) = 2ω {Yk} − n, where Yk =
XCkX . Also by (2.2), if X ∈ Gn(a), then
PX(k) = n− 4a+ 4ik, (3.4)
for some 0 ≤ ik ≤ a and n− PX(k) is divisible by 4 for all k.
Let (PX(0),PX(1), . . . ,PX(n−1)) denote the autocorrelation vector ofXC
in Zn2C . To prove the conjecture is equivalent to prove that there is no XC
such that (PX(0),PX(1), . . . ,PX(n− 1)) = (4m
2, 0, ..., 0). Thus, it is enough
to prove that PX(k) 6= 0 for some k 6= 0. From theorem 2, PX(2m
2) 6= 0 if
XC ∈ G4m2(a), a an even number. We will show that this is also true for a
an odd number.
Theorem 3. Let A(Zn2C) denote the set of autocorrelations vector in Z
n and
let θ : Zn2C → A(Z
n
2C) be the mapping θ(XC) = (PX(0),PX(1), . . . ,PX(n−1)).
Then θ sends the plane Gn(a) to the plane X0+X1+ · · ·+Xn−1 = (2a−n)
2.
Proof. Take XC in Gn(a). The proof follows of
n−1∑
k=0
PX(k) =
(
n−1∑
i=0
xi
)2
=
(2a− n)2
Theorem 4. No circulant Hadamard matrix XC exists in [O4m2 ], except
possibly in G4m2(2m
2 ±m).
Proof. From the theorem above, θ sends the plane G4m2(a) in the plane X0+
X1 + · · ·+X4m2−1 = (2a− 4m
2)2. As PX(0) = 4m
2, then we have the plane
X1 + · · ·+X4m2−1 = (2a− 4m
2)2 − 4m2. From theorem 1 and theorem 2, a
take values in m2 + 2i with 0 ≤ i ≤ m2. Hence (2a− 4m2)2 − 4m2 is never
0 except for a = 2m2 ±m. Therefore there are k such that PX(k) 6= 0 and
no circulant Hadamard matrix exists in G4m2(a) ∈ [O4m2 ] with a distinct to
2m2 ±m.
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A (v, k, λ)-difference set in a finite group G of order v is a k-subset D of G
such that every element g 6= 1 of G has exactly λ representations g = d1d
−1
2
with d1, d2 ∈ D. The order of D is k. A circulant Hadamard matrix of order
4m2 exist if and only if there is a (4m2, 2m2 −m,m2 −m)-difference set in
the group Z4m2 of order 4m2. The preceding theorem implies that if XC is a
circulant Hadamard matrix then X has Hamming weight 2m2 −m and this
agrees with the order of its difference set.
Next, we will reduce the number of Z2-sequences in the search for circulant
Hadamard matrices.
Theorem 5. A circulant Hadamard matrix XC can exist in G2m2(a)×G2m2(b)
with m
2−m
2
≤ a ≤ 3m
2−m
2
and b = 2m2 −m− a.
Proof. By lemma 1, G4m2(2m
2−m) =
⋃
a+b=2m2−m G2m2(a)×G2m2(b) and by
(2.2)
G2m2(a)G2m2(b) =


a⋃
i=0
G2m2(m+ 2i), 0 ≤ a ≤ m
2, a ≤ b ≤ 2m2 − a,
2m2−a⋃
i=0
G2m2(−m+ 2i), m
2 + 1 ≤ a ≤ 2m2, 2m2 − a ≤ b ≤ a.
As G2m2(a)G2m2(b) must contain G2m2(m
2) then m
2−m
2
≤ a ≤ m2 and from
a ≤ b ≤ 2m2 − a and b = 2m2 −m − a it follows that a ≤ 2m
2−m−1
2
. Hence
m2−m
2
≤ a ≤ 2m
2−m−1
2
. Equally, m2+1 ≤ a ≤ 3m
2−m
2
and from 2m2−a ≤ b ≤
a it follows that 2m
2−m+1
2
≤ a ≤ 3m
2−m
2
. Thereby m
2−m
2
≤ a ≤ 3m
2−m
2
.
Theorem 6. A circulant Hadamard matrix XC can exist in G2m2(a)×G2m2(b)
with m
2+m
2
≤ 2m2 − a ≤ 3m
2+m
2
and b = m+ a.
Proof. Multiplying G2m2(a)× G2m2(b) by −1 in the previous theorem.
From the previous theorems the search for circulant Hadamard matrices
in a set of order 2
(
4m2
2m2−m
)
is reduced to the search in a set of order
2
(3m2−m)/2∑
a=(m2−m)/2
(
2m2
a
)(
2m2
2m2 −m− a
)
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